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Introduction

What is a reduction?

‚ Fix a topological space X;
‚ Fix a reduction condition (i.e. a class of function F from and to X

such that idX is in F and F is closed under composition).

Let A, B P Γ Ď PpXq

A ď B ô Df P F pf´1pBq “ Aq

That is a classification of subsets in Γ through F .
The structure pΓ, ďq is a quasi-order, that is reflexive and transi-
tive.
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Introduction

Examples:
‚ X “ NN, Γ “ BORpNNq

‚ Wadge Reduction (Wadge, 1972) F “ tf | f is continuousu;
‚ Borel Reduction (Andretta and Martin, 2003) F “ tf | f is Borelu;
‚ Borel-amenable Reduction (Motto Ros, 2007) F is amenable (for

example ∆0
ξ-function);

‚ Contraction Reduction (Motto Ros, 2012)
F “ tf | f is Lipschitz with a positive constant ă 1u;

‚ Costant function Reduction (Motto Ros, 2012)
F “ tf | f is constant u.

‚ Wadge Reduction on R (Hertling 1996, Schlicht 2012) X “ R,
Γ “ BORpRq, F “ tf | f is continousu.

Salvatore Scamperti 4 / 14



Introduction

Examples:
‚ X “ NN, Γ “ BORpNNq

‚ Wadge Reduction (Wadge, 1972) F “ tf | f is continuousu;
‚ Borel Reduction (Andretta and Martin, 2003) F “ tf | f is Borelu;
‚ Borel-amenable Reduction (Motto Ros, 2007) F is amenable (for

example ∆0
ξ-function);

‚ Contraction Reduction (Motto Ros, 2012)
F “ tf | f is Lipschitz with a positive constant ă 1u;

‚ Costant function Reduction (Motto Ros, 2012)
F “ tf | f is constant u.

‚ Wadge Reduction on R (Hertling 1996, Schlicht 2012) X “ R,
Γ “ BORpRq, F “ tf | f is continousu.

Salvatore Scamperti 4 / 14



Introduction

Examples:
‚ X “ NN, Γ “ BORpNNq

‚ Wadge Reduction (Wadge, 1972) F “ tf | f is continuousu;
‚ Borel Reduction (Andretta and Martin, 2003) F “ tf | f is Borelu;
‚ Borel-amenable Reduction (Motto Ros, 2007) F is amenable (for

example ∆0
ξ-function);

‚ Contraction Reduction (Motto Ros, 2012)
F “ tf | f is Lipschitz with a positive constant ă 1u;

‚ Costant function Reduction (Motto Ros, 2012)
F “ tf | f is constant u.

‚ Wadge Reduction on R (Hertling 1996, Schlicht 2012) X “ R,
Γ “ BORpRq, F “ tf | f is continousu.

Salvatore Scamperti 4 / 14



Introduction

Examples:
‚ X “ NN, Γ “ BORpNNq

‚ Wadge Reduction (Wadge, 1972) F “ tf | f is continuousu;
‚ Borel Reduction (Andretta and Martin, 2003) F “ tf | f is Borelu;
‚ Borel-amenable Reduction (Motto Ros, 2007) F is amenable (for

example ∆0
ξ-function);

‚ Contraction Reduction (Motto Ros, 2012)
F “ tf | f is Lipschitz with a positive constant ă 1u;

‚ Costant function Reduction (Motto Ros, 2012)
F “ tf | f is constant u.

‚ Wadge Reduction on R (Hertling 1996, Schlicht 2012) X “ R,
Γ “ BORpRq, F “ tf | f is continousu.

Salvatore Scamperti 4 / 14



Introduction

Examples:
‚ X “ NN, Γ “ BORpNNq

‚ Wadge Reduction (Wadge, 1972) F “ tf | f is continuousu;
‚ Borel Reduction (Andretta and Martin, 2003) F “ tf | f is Borelu;
‚ Borel-amenable Reduction (Motto Ros, 2007) F is amenable (for

example ∆0
ξ-function);

‚ Contraction Reduction (Motto Ros, 2012)
F “ tf | f is Lipschitz with a positive constant ă 1u;

‚ Costant function Reduction (Motto Ros, 2012)
F “ tf | f is constant u.

‚ Wadge Reduction on R (Hertling 1996, Schlicht 2012) X “ R,
Γ “ BORpRq, F “ tf | f is continousu.

Salvatore Scamperti 4 / 14



Introduction

Examples:
‚ X “ NN, Γ “ BORpNNq

‚ Wadge Reduction (Wadge, 1972) F “ tf | f is continuousu;
‚ Borel Reduction (Andretta and Martin, 2003) F “ tf | f is Borelu;
‚ Borel-amenable Reduction (Motto Ros, 2007) F is amenable (for

example ∆0
ξ-function);

‚ Contraction Reduction (Motto Ros, 2012)
F “ tf | f is Lipschitz with a positive constant ă 1u;

‚ Costant function Reduction (Motto Ros, 2012)
F “ tf | f is constant u.

‚ Wadge Reduction on R (Hertling 1996, Schlicht 2012) X “ R,
Γ “ BORpRq, F “ tf | f is continousu.

Salvatore Scamperti 4 / 14



Introduction

Examples:
‚ X “ NN, Γ “ BORpNNq

‚ Wadge Reduction (Wadge, 1972) F “ tf | f is continuousu;
‚ Borel Reduction (Andretta and Martin, 2003) F “ tf | f is Borelu;
‚ Borel-amenable Reduction (Motto Ros, 2007) F is amenable (for

example ∆0
ξ-function);

‚ Contraction Reduction (Motto Ros, 2012)
F “ tf | f is Lipschitz with a positive constant ă 1u;

‚ Costant function Reduction (Motto Ros, 2012)
F “ tf | f is constant u.

‚ Wadge Reduction on R (Hertling 1996, Schlicht 2012) X “ R,
Γ “ BORpRq, F “ tf | f is continousu.

Salvatore Scamperti 4 / 14



Introduction

Fix X, Γ and F , we can define a partial order induced by F , i.e.
pΓ, ďqä”, where A ” B if and only if A ď B and B ď A.

First Goal: Description of the partial order induced by the
reduction.

Second Goal: Study of the partial order up to order-isomorphism
over a class of topological spaces.
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Introduction

What does “description” mean in this talk?
It means answering the question: Is it wqo?

Definition

Let pQ, ďq be a partial order, then Q is wqo if
‚ Q is well-founded, i.e. there are no infinite strictly decreasing

sequence;
‚ there are no infinite antichains, i.e. any infinite A Ď Q admits

p and q such that p ď q.

Examples of wqo: pN, ďq, pα, ďq, pNn, ďprod-ordq.
Examples of not wqo: pN, |q, pNN, ďlexq, pN, “q.
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Introduction

Examples:
‚ Wadge Reduction (Wadge, 1972) Good
‚ Borel Reduction (Andretta and Martin, 2003) Good
‚ Wadge Reduction on R (Hertling 1996, Schlicht 2012) Bad
‚ Borel-amenable Reduction (Motto Ros, 2007) Good
‚ Contraction Reduction (Motto Ros, 2012) Bad
‚ Costant function Reduction (Motto Ros, 2012) Bad
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Introduction

The Baire space NN is a zero-dimensional Polish space.
Its topology is generated by Ns “ tx P NN | s Ď xu, where
s P NăN.

Σ0
1 Π0

1 ∆0
1

Σ0
2 Π0

2 ∆0
2

From now assume that Γ is closed under continuous preimage,
that is if f : NN Ñ NN is continuous and A P Γ then f´1pAq P Γ.

Examples:
‚ Σ0

2
‚ Diff3pΣ0

1pNNqq
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Introduction

What about the description of the Wadge reduction in the class of
zero-dimensional Polish spaces?

Theorem (R. Carroy, L. Motto Ros, S. - 202?)

For each zero-dimensional Polish space, there exists a pair of ordi-
nals which completely determines the structure of WX up to order-
isomorphism.

Theorem (R. Carroy, L. Motto Ros, S. - 202?)

Let X be a zero-dimensional Polish space with at least two points,
and assume AD if X is uncountable. Then there is no Borel pro-
cedure to determine which zero-dimensional Polish spaces Y gives
WY ”W WX .
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Injective Continuous Reduction on the Baire space

Class of function:

Fi “ tf : NN Ñ NN | f is continuous and injectiveu

Definition

Let A, B Ď NN, we write A ďi B if and only if there exists f P Fi

such that f´1pBq “ A.

Corollary of Theorem (F. van Engelen, A. W. Miller, J. R.
Steel - 1985)

The partial order p∆0
2, ďiq is wqo.

They were not able to go any further in the article.

Salvatore Scamperti 10 / 14



Injective Continuous Reduction on the Baire space

Class of function:

Fi “ tf : NN Ñ NN | f is continuous and injectiveu

Definition

Let A, B Ď NN, we write A ďi B if and only if there exists f P Fi

such that f´1pBq “ A.

Corollary of Theorem (F. van Engelen, A. W. Miller, J. R.
Steel - 1985)

The partial order p∆0
2, ďiq is wqo.

They were not able to go any further in the article.

Salvatore Scamperti 10 / 14



Injective Continuous Reduction on the Baire space

Class of function:

Fi “ tf : NN Ñ NN | f is continuous and injectiveu

Definition

Let A, B Ď NN, we write A ďi B if and only if there exists f P Fi

such that f´1pBq “ A.

Corollary of Theorem (F. van Engelen, A. W. Miller, J. R.
Steel - 1985)

The partial order p∆0
2, ďiq is wqo.

They were not able to go any further in the article.

Salvatore Scamperti 10 / 14



Injective Continuous Reduction on the Baire space

While in the Cantor Space, 2N...
Definition: a subset A Ď 2N is true in Γ if A P Γ then 2NzA R Γ.
Definition: Γ Ď BORp2Nq is reasonably closed if . . .

Proposition (L. Harrington, ? - J. R. Steel, 1977)

Let Γ Ď BORp2Nq such that Γ is reasonably closed and A, B P Γ.
If B is a true set for Γ and A ďW B then A ďi B.

Proposition (R. Carroy, A. Medini, S. Müller - 2020)

Let Γ Ď BORp2Nq such that Γ̌ ‰ Γ. If LpΓq ě 1 and
DiffnpΣ0

2p2Nqq Ď Γ for each n P ω then Γ is reasonably closed.

There are no trivial classes Γ that are not reasonably closed, for
example Diff2pΣ0

2p2Nqq.
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Work in progress...

Definition: FΠ0
1

i “ tf P Fi | ran f is closedu. Let us notice ď
Π0

1
i its

induced reduction.
Conjecture: ppΠ0

1qℵ0 , ďiq is a linear order.

Theorem (R. Carroy, L. Motto Ros, S.)

The partial order ppΠ0
1qℵ0 , ď

Π0
1

i q admits an antichain of size n for
each n P ω.

Therefore ď
Π0

1
i is finer than ďi.
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Work in progress...

Theorem (R. Carroy, S.)

The partial order pΠ0
2, ď

Π0
1

i q is wqo.

Corollary (R. Carroy, S.)

The partial order p∆0
3, ď

Π0
1

i q is wqo.

(Σ0
3, ď

Π0
1

i q work in progress...
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